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Huet's “Zipper"

e 3apauva: npeacTaBieHNe APEBOBUAHON CTPYKTYPbl AaHHbIX
BMECTe C (DOKYCOM Ha TEKYLLUEM Y3/1e, KOTOPbI/i MOXET
nepemMeLLaTbCs BJIEBO, BNPABO, BHU3 N BBEPX MO 3TON CTPYKTYpe.

o MoTuBauyus: mHorne achhekTNBHBIE aIFOPUTMbI NCMONL3YIOT
AECTPYKTUBHbLIE ONEPaLMK HAZ DEMEHTAMN CTPYKTYP AaHHbIX.
CNOXHOCTb MpY UCMONBL30BAHUN YNCTO (PYHKLMOHAIBHBIX
ctpykTyp ganubix © (log n) nnun © (n).

o Pewenne (G. Huet. “The Zipper”, 1997): dokyc xpaHut
TEKYLWiA y3en N NyTb, BOCXOAALLNIA OT HEro K KOpPHIO AepeBa.

@ JdeKTUBHOCTL: U3MEHEHUNE 3N1EMEHTA CTPYKTYpbl 32 BPeMs

o (1).
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3unnepbl u gudpchbepeHupoBaHne Mpumep 3unnepa

[Mpumep: buHapHoe aepeso

OnpegeneHvie buHapHoro fepesa
data Tree a = Leaf a | Bin a (Tree a) (Tree a)

CLeft a (Tree a)

data Contextrree @ =
| CRight a (Tree a)

[lyTb — CNnNCOK KOHTEKCTOB

type Pathrree @ = [Contextrre. al

type Zipperrree @ = (Tree a, Pathrpe a) I
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3unnepbl u gudpchbepeHupoBaHne Mpumep 3unnepa

HaBurauymsa no gepesy

[BrxeHne Bnpago

goRight :: Zipperrree @ -> Maybe (Zipperrree a)
goRight (t, CLeft x r : p) = Just (r, CRight x t
goRight _ = Nothing

:p)

[Bu>xeHne BHU3

goDown :: Zipperrree & -> Maybe (Zipperrree a)
goDown (Bin x 1 r, p) = Just (1, CLeft x r : p)
goDown _ = Nothing

[BuxeHne BBepx

goUp :: Zipperrree a -> Maybe (Zipperrree a)
goUp (t, CLeft xr : p) = Just (Bin x t r, p)
goUp (t, CRight x 1 : p) = Just (Bin x 1 t, p)
goUp (_, [ Nothing
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3unnepbl u gudpchbepeHupoBaHne Mpumep 3unnepa

Icnonb3osaHue

Hayvano n koHeu HaBurauuu

enter :: Tree a -> ZippeITree 2| leave ::

ZipperTree a -> Tree a
enter t = (¢, [1)

leave (t, []) =t
leave loc

= leave $ fromJust $ goUp loc

ObHoeneHue y3na

update (Tree a -> Tree a) -> ZipperTree @ -> ZipperTree a
update f (t, ctxt) = (f t, ctxt)

Vicmonb3oBaHne Komnosnumum
>>) :: (a->Db) > (b ->¢c) ->a ->c

(>=>) :: Monad m => (a -=>mb) -> (b ->mc) ->a ->mc
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3unnepbl u gudpchbepeHupoBaHne Mpumep 3unnepa

[Mpymep ncnonb3oBaHuUs

[Npumep pepesa ////
tree :: Tree Int 28
tree = Bin 17 (Leaf 28)
(Bin 15 (Bin 26 (Leaf 35)
(Leaf 666))
(Leaf 13))

3ameHa ofHoro y3na

change :: Tree Int -> Maybe (Tree Int)
change = enter >>> goDown >=> goRight >=> goDown
>=> goDown >=> goRight >=> update (\_ -> Leaf 42)
>>> leave >>> return

*Main> change tree
Just (Bin 17 (Leaf 28) (Bin 15 (Bin 26 (Leaf 35) (Leaf 42))
(Leaf 13)))
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3unnepbl n gudcpeperumporarne [FETTCTC I T T ot -ER 171

3VII'II'Iepr VS. KOHTEKCTDbI

Cratbs K. Makbpaiiga (2001)
“The Derivative of a Regular Type is its Type of One-Hole Contexts.”

«[1pousBonHasi perynsipHoro Tuna — 3TO ero TUM
OLHOMECTHOrO KOHTEKCTa».

G

o [uddepeHymposatne.

@ PerynsipHble Tunebi.
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Y TS T
MpaBuna gudpdepeHunpoBarus

x> 1 (1) 9(F+G) = 9F+8,G6 (3)
9,0 = 0 (2) &(FxG) — FxdhGtroFxG (4

O(Fly=c) + 0sF|y=¢ +0yFly=c x 9, G (5)
0 0 0
D) = G ) g ) I iy @ = 7
Op(py. F) =  pz2.0:F|y—py -+»8yﬁwy:uy_pz X 2 (6)
ax(,uyF) - 8x(F|y=uy.F)

= azF|y:uy.F +ayF|y:uy.F X ax(ﬂyF)

CeolicTBo onepaTtopa [
py. F = F(uy. F) J
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3unnepbl n gudcpeperumporarne [FETTCT I T T ol -ER V1Y

KoHTekcTbl 1 anddepermposaHme

F) F(x) 6xF{
0:(Fx G) = Fx0,G4+0,F x G =g +

G G (x)
X J
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0z(FoG) = (0;FoG)x0,G



3unnepbl n gudcpeperumporarne [FETTCT I T T ol -ER V1Y

KOHTeKCT KaK CTeK OAHOMECTHbIX KOHTEKCTOB
<<<§<§<z : <<<j<i+<<‘<:
con @on @on . @

11/29



3unnepbl u gudpcheperHumposarne [T RN ERTIEY

[Mpumep: npon3BogHas TUNa apudPMETUHECKOTO BbIPaXKeHUs

Tun apudm. BblipakeHuns

LInt Int
LBool Bool

data Expr

|
| Add Expr Expr
| If Expr Expr Expr

Ero npoussogHasi (KOHTeKCT)

data Contextgxpr
= Add; Expr
| Addy Expr
| If;y Expr
| Ify Expr
| If; Expr

Expr
Expr
Expr

expr = Cpy + Cpoot + expr’ + expr®
pz. Crnt + Coor + 22 + 2°

I12

dexpr = 0y(Cint + Cpoot + 2° + 1°)
pr.2 x x4+ 3 x z?

112

I12

2 x expr + 3 x expr’

Ewgé npumep: nponssogHas cnucka — 3To
napa cnuckos (npedukc u cyddukc).

O listz = 9, (py. 1+ 2 X y)

pz. (0:(1+ 2 X y))|y=tist

(Oy(L+ 2 X y))ly=tists, X 2

1%

_|_

= pz. yly:listzz + m'y:listmz X z

(list z) x (list z)

1%
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O606LWEHHbIE 3nnepbl 0O606wEHHOEe nporp

Hune

Anrebpanyeckue tunsl ganusix (ATA), npumepsi

Unit

data UnitData =

[Mprmep 3HaveHus:
unit = Unit

Hynesoii Tun
data Zero

|

Twun-cymma

data Either a b = Left a
| Right b

Mepeuncnenne:

data Bool = True | False

Mpumep 3HayeHus:
left :: Either Bool Int
left = Left True

Tun-koHcTaHTa
data ConstData a = Const a
[Mpumep 3HaueHUs:

const :: ConstData Int

const = Const 13

Twun-npounseeaexmne
data (,,) abc
data PairData a b
[Tpumep 3Ha4veHus:
triple ::
triple = ("hello", 15, 'b")

=(,)abc
Pair a b

(String, Int, Char)

PekypcuBHbiii Tun
data List a = Nil

| Cons a (List a)
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e
ObobuEHHoe npeacTaaerve AT/

Tunbl gns 0bobwérHoro npeactasnenns AT/

data K a x =K a -- KOHCmaHrma
data I x=1x --z

data U x = Unit -- 1

data (f :+: g x =L (f x) | R (g x) -- cymwma

data (f :x: g) x = f x x: g x -- npoussederue
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O606LWEHHbIE 3nnepbl 0O606wEHHOEe nporp >oBaHue

[Mpymep: normyeckoe BbiparkeHune

lpumep ATLL MpumMep 3HaueHNs
data Prop x :: Prop
=TIF x = And (Not F) T
| And Prop Prop _
| Not Prop z=0A1

Ero 0b60obwwéHHbIl BUg,

type Prop' = (U :+: U :+: (I :x: I) :+: I) Prop

x' :: Prop'
x' =R (R (L (I (Not F) :x: I T)))
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0606w EHHbIe 3Unnepbl PerynsipHele Tunel

[MoHsiTue pyHKTOpPa, NpuMepsI

MNoHsiTne pyHkTOpPa

®PyHkTOp — 3TO OTODpaxeHue Ha Tunax (napameTpuyeckuii Tun).

[Mpumep — cnucok:
data [J] a =[] | a : [a]

Mprmepbl nonnHoMmnansHbix yHkTopos (MP)

F(z) = 2° +2z; F (Int) = (Int, Int) + 2 Int.
G (z) = 2° + Char; G (Bool) = (Bool, Bool, Bool) + Char.

v

(3,1729); (6, 24); 15; 18.

Mpumepsr 3Hay. Tuna F (Int) Mpumepsbl 3Ha4. Tuna G (Bool)
} (True, True, False); 'a’; 's'.
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O606LwWEHHbIE 3nnnepb! PerynsipHele Tunel

MpeacTasnenmne MNP ¢ nomolbo 0606LEHHOMO
NporpaMMmpoBaHus

Mpumep dyHkTOpa
F(z) = 2° + 3z + Bool + 2 J

Ero 0b0obwiéHHoe npegcTasneHne
type F = (I :x: I) :+: I :+: I :+: I :+: K Bool :+: U :+: U

Mpumepbl 3HaveHuii gns tuna F (Int)

y = (13, 38) y; :: F Int

y: =L (I 13 :x: I 38)
yo = True yo :: F Int
y» =R (R (R (R (L (K True)))))
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0606w EHHbIe 3Unnepbl PerynsipHbie Tunel

HenonBuxkHble To4YKM

[NoHsTne perynsipHoro Tuna

PerynspHbisi Tun gaHHbix — 3TO TUM, KOTOPbIA MOXET bbiTb
NPefCcTaBNEH B BUAE HEMOABUKHON TOYKN HEKOTOPOro
NOJANHOMUANBHOTO hYHKTOPA.

HenogenxHasi Touka dpyHkTopa F
py. F = F(py. F) }

Twun Kak HenogeuXxHas To4dka [1P

[ycTb ans perynspHoro Tuna ¢ CyLlecTBYeT TaKOi MOJIMHOMUASbHBbIIA
cdyHkTop PF,, uto

a = uy.PF,.
Torga

a = uy.PF, = PF, (ny. PF,) = PF, (a).

w
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O606LwWEHHbIE 3nnnepb! PerynsipHele Tunel

Perynsiprble Tunsl 8 Haskell

[Npumep npencraBnexuns

data Prop =T | F | And Prop Prop | Not Prop
data PFpop x = Tp | Fr | Andr x X | Notp x
type Prop' = PFprop Prop

Knacc perynsipHoro Tuna

class Regular a where
type PF a :: * -> %
from ::a->PF aa
to :: PFaa->a
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Perynapusie Tuns
[Mpumep

[Npumep: onpepenenne ans Tuna Prop

instance Regular Prop where
type PF Prop = U :+: U :+: (I :x: I) :+: I
from T = L Unit
from F = R (L Unit)
from (And x y) =R (R (L (I x :x: I y)))
from (Not x) R (R (R (I x)))

Il

to (L Unit) =T

to (R (L Unit)) =F

to R (R (L (I x :x:Iy)))) =~A~4Andzxy
to (R (R (R (I x)))) = Not x
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

Crapblii npumep

[Npumep pepesa ////
tree :: Tree Int 28
tree = Bin 17 (Leaf 28)
(Bin 15 (Bin 26 (Leaf 35)
(Leaf 666))
(Leaf 13))

3ameHa ofHoro y3na

change :: Tree Int -> Maybe (Tree Int)
change = enter >>> goDown >=> goRight >=> goDown
>=> goDown >=> goRight >=> update (\_ -> Leaf 42)
>>> leave >>> return

*Main> change tree
Just (Bin 17 (Leaf 28) (Bin 15 (Bin 26 (Leaf 35) (Leaf 42))
(Leaf 13)))
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

Crapble Tunsbi

OCHOBHble TuMbl

data Tree a = Leaf a | Bin a (Tree a) (Tree a)

data Contextrree a = CLeft a (Tree a) -- mun KoHmekcma
CRight a (Tree a)

type Pathrree a [Contextrree al

type Zipperrree a = (Tree a, Pathrree @) -- mun 3unnepa

Twnbl pyHKUNU — 3aBUCAT OT OCHOBHbLIX TUTMOB

goRight :: Zipperrree a -> Maybe (Zipperrree @)

goDown :: Zipperrree @ -> Maybe (Zipperrree a)

goUp :: Zipperrree a -> Maybe (Zipperrree a)

enter :: Tree a -> Zipperrree @

leave 11 Zipperrree @ -> Tree a

update :: (Tree a -> Tree a) -> Zipperrree @ -> Zipperrree @
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

KoHTekcT 0bobuiéHHoro sunnepa

Twun koHTekcTa: obbsABAEHNE

data family Context (f

* -> %) a

OnpepeneHns ans Tuna KOHTEKCTA

data
data
data
data

data

instance
instance
instance
instance

instance

Context (K b)

Context U
Context I

Context (f :+: g)

Context (f

X

a
a
a
a

g) a

CI

CL (Context f a)

CR (Context g a)

Cl (Context f a) (g a)
C2 (f a) (Context g a)
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

Knacc obobuiénHoro aunnepa

Knacc 3nnnepa

class Zipper (f :: * -> *) a where

®okyc (location)

data Loc a where
Loc :: (Regular a, Zipper (PF a) a)
=> a -> [Context (PF a) a] -> Loc a
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

NHTepdeiic sunnepa

Knacc 0bobuignHoro sunnepa

class Zipper (f :: * -> %) a where
-- Ecau 803moxHO, cO8uHymb okyc Ha KpaliKezo
-- caesa noOmMoMKaQ
first :: (a -> Context f a -> b) -> f a -> Maybe b
-- Ecau so3moxro, cdsuryme gorkyc Ha Kpalrez0
-- cnpasa nomoMka

last :: (a -> Context f a -> b) -> f a -> Maybe b

-- Ilomecmums 3HaYEHUE 8 KOHMeKCm

fill :: a -> Context f a -> f a

-- Ilonbimameca cOsunyms pokyc Ha O0O0UH SAEMEeHm 8Ae80

prev :: (a -> Context f a -> b) -> a -> Context f a
-> Maybe b

-- Ilonbimameca cdsunyms gokyc HKa OOUH SAeMeHm 8npago

next :: (a -> Context f a -> b) -> a -> Context f a

->
Maybe b o /o




O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

Peannzauns (1)

Peanuzaumns dynkuuii first, fill n next (Havano)

instance Zipper (K b) a where

first _ _ = Nothing
£fi11 _ _ = error "impossible"
next _ _ _ = error "impossible"

instance Zipper U a where

first _ _ = Nothing
£fi11 _ _ = error "impossible"
next _ _ _ = error "impossible"

instance (Regular a, Zipper (PF a) a)
=> Zipper I a where
first £ (I x) = return (f x CI)
fill x CI I x
next _ = Nothing

Il




O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

Peannzauns (2)

Peanuzaumns dynkuuii first, fill n next (npogonxerne)

instance (Zipper f a,
first £ (L x) =
first £ (R y) =
£fi1ll x (CL ¢©) =
fill y (CR c) =
next f x (CL ¢c) =
next fy (CRc) =

instance (Zipper f a,
first £ (x :x: y) =
“mplus”

fill x (Cl c y) =
fill y (C2 x ¢) =
next £ x (C1 c y) =
“mplus”

next £ y (C2 x ¢) =

Zipper g a) => Zipper (f :+: g) a where
first (\z ¢ -> f z (CL ¢)) x

first \z ¢ ->fz (CRc)) y

L (fill x ¢)

R (£fill y c)

next (\z c¢' ->f z (CL ¢'")) x ¢

next (\z c¢' ->f z (CRc')) yc

Zipper g a) => Zipper (f :x: g) a where
first \z ¢ ->f z (Cl c y)) x

first \z ¢ ->fz (C2x¢c)) y

£fill x ¢ :x: y

x :x: fill y ¢

next (\z ¢' -> f z (C1 ¢' y)) x C
first (\z ¢' -> f z (C2 (fill x ¢c) c')) y
next (\z ¢' -> f z (C2 x c")) yc
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O606LWEHHbIE 3nnepbl OB606LEHHBIN 3UNnep A5 PerynsipHbIX TUNOB

DyHKUUKU HaBUraymm

[Bu>xeHne BHN3

goDown :: Loc a -> Maybe (Loc a)
goDown (Loc hole cs)
= first (\h ¢ -> Loc h (c : cs)) (from hole)

[BrxeHne Bnpaso

goRight :: Loc a -> Maybe (Loc a)
goRight (Loc _ [1) = Nothing
goRight (Loc hole (c : cs))
= next (\h ¢' -> Loc h (¢' : cs)) hole c

[BuxeHne BBEpX

goUp :: Loc a -> Maybe (Loc a)
goUp (Loc _ [1) = Nothing
goUp (Loc hole (c : cs))
= Just (Loc (to $ £ill hole c) cs)
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